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Abstract 

Sj| In the quantum theory of fields one writes the relativistic field operator as a linear 

q^ ■ combination of annihilation operators, with invariant coefficient functions. The anni- 

hilation operators transform as physical, massive, single particle states with a unitary 
representation of the Poincare group, while the relativistic field operator transforms 
with a nonunitary spin 1/2 representation of the homogeneous Lorentz group. The 
Lorentz group represents translations trivially, i.e. as multipliction by unity. Here 
the nonunitary representation is provided with translation matrices, so that the uni- 
tary and the nonunitary representations represent the same group, the Poincare group. 
JL . Translation matrix invariance is shown to give the free particle Dirac equation, without 

invoking parity. The coefficient functions for a given momentum determine a current. 
i-Q These currents turn out to be, within a constant factor, the electromagnetic vector 

£> ■ potential of the free particle source moving with that momentum. Thus it is shown 

that the Dirac and Maxwell equations can be related to the inclusion of translation 
$— i ' matrices in the transformations of field operators. 
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1 Introduction 

Successive infinitesimal rotations, boosts, and translations transform spacetime yet preserve 
the spacetime metric. There are many linear representations of these transformations and 
each representation has its own set of vectors that transform via that representation. This 
paper determines some of the mathematical consequences of requiring a vector of one type 
to be a linear combination of vectors of a second type with invariant coefficients. The two 
types of vectors transform via seemingly different representations, yet they can be joined in 
this way. 

The vector to be constructed, ip^x^), transforms like a relativistic field operator. It has a 
discrete index I that labels components that transform via a non-unitary finite dimensional 
matrix representation. The representation is the four component spin 1/2 representation con- 
ventionally designated as spin (0, 1/2) © (1/2,0). There are also continuous parameters x M , 
/i G {1,2,3,4}, labeling the field of values that transforms via a differential representation. 
The specific properties of relativistic field operators are not needed here; just the transfor- 
mation rules are needed. Vector fields like the relativistic field operator that transform in 
this way are herein called 'covariant field vectors.' 

The vector ip^x 11 ) is to be written as a linear combination of vectors a(p M , a) that trans- 
form differently. These second type vectors transform like annihilation operators. Com- 
ponents are labeled by a discrete index a and take values as a field over the continuous 
parameters p M . The representation is unitary with finite dimensional matrices, which are 
functions of the parameters p^ . The only properties needed here are the transformation 
properties of these vector fields, herein called 'canonical field vectors.' 

The continuous parameters of the covariant field are called the coordinates x M while the 
parameters p^ of the canonical field are called momentum components. The field defined 
over coordinate space x^ transforms via a covariant (nonunitary) dimensional representation, 
while the field defined over momentum space p^ transforms via a canonical (unitary) trans- 
formation. Thus coordinates x^ and momenta p^ are distinguished by the transformation 
properties of their respective fields. 

This paper derives some mathematical consequences of requiring a covariant vector 
ipi{x^) to be a linear combination of canonical vectors a(p M ,cr) with invariant coefficients 
Ui{x^ , p v , a) . Abbreviated, this is ip = J2 a ua - When the covariant and canonical vectors 
transform by their respective covariant and canonical representations indicated by primes, 
the coefficients remain unchanged, if}' = Yl a ' ua ' ■ The coefficients are sometimes called in- 
tertwiners and can be understood as a kind of rectangular matrix transforming a basis in 
{p M , a} to a basis in {x M , I}. 

Obtaining the consequences of having invariant coefficient functions has been developed 
and investigated by many authors, [I] , [2] , [H] • Various covariant representations can be used. 
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The covariant representation here has translation matrices as well as the differential trans- 
lation representation; others frequently have just the differential translation representation. 

Some investigations assume the coefficient functions obey wave equations and use the 
constraints on coefficient functions to constrain and analyze wave equations, J2J,0- Here no 
such assumption is made; neither Dirac's equation nor Maxwell's equations nor any other 
wave equation are explicitly imposed. Yet among the fields found here are fields that obey 
Dirac's equations and Maxwell's equations. 

Obtaining solutions to Dirac's equation without assuming Dirac's equation has been done 
before, [I]. In that derivation, simplicity under spatial inversion is needed. Here parity and 
inversions are not considered, only transformations built from infinitesimal transformations 
and hence connected to the identity are discussed. The needed assumption here is based on 
there being two covariant representations differing by the choice of momentum matrices. 

In this paper 4x4 momentum matrices accompany the nonunitary 4x4 matrices that 
represent spin 1/2 homogeneous Lorentz transformations. The '12' and '21' notation is 
based on the fact that the momentum matrices can be written as triangular matrices. One 
representation has just the 12 block nonzero and is called the '12- representation' and the 
other has momentum matrices with just the 21 block nonzero, the '21-representation.' The 
other off-diagonal block and the diagonal blocks, i.e. the 11- and 22-blocks, are null for these 
momentum matrices. 

The relationship between the 12- momentum matrices and the 21-momentum matrices in- 
duces a relationship between the 12- and 21-representations and hence a relationship between 
12- and 21-covariant field vectors. The induced relationship is just a change of parity. The 
12-covariant vector ip L (x M ) is associated with a 21-covariant vector ip t (x^). When one 
combines the translation-matrix-independent part of the 12-covariant field vector ij)\ (x^) 
with the translation-matrix-independent part of the related 21 field ip\ (x^) one finds that 
the combination obeys the Dirac equation. Thus the field obeys the Dirac equation with- 
out assuming the Dirac equation applies, but with the added assumptions of translation 
invariance and with the aid of the induced 12 to 21 relationship between representations. 

(~\ 9^ 

The translation dependent parts of the 12-covariant field vector ip\ (x M ) and the related 

~ (91 "l 

21-covariant field vector ip\ (x^) depend also on coordinates via translation matrices. This 
means that the spin components depend on position. The coordinate dependence is just 
what is needed for the sum of the 4- vector currents of fixed momentum and spin, (u'j^uY 12 ^ 
+ (uj^u)^ 21 ^ to be proportional to the vector potential of the just discussed Dirac equation 
solution. The evidence for this is that the sum of the currents obeys the Maxwell equations 
for the Dirac equation solution as the source. A solution to the Maxwell equations appears 
without assuming the Maxwell equations. However, while sums of Dirac equation solutions 
with different momenta and spin are still Dirac equation solutions, the currents of sums 
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of Dirac equation solutions are no longer proportional to the vector potential because the 
current is quadratic in covariant field vectors. Thus the Maxwell equations solutions found 
here are limited to one momentum and one spin each. 

Section |21 describes the spin 1/2 representations of the Poincare group of spacetime trans- 
formations connected to the identity. There are two, called the 12- and 21-representations. 
Section |3] discusses the relationship between the two representations, which turn out to be 
related by parity. The details of the construction of the covariant field vector from canonical 
field vectors are presented in Section HI and from the covariant and canonical transformation 
formulas the formulas for the coefficient functions are derived. The relationship between 12- 
and 21-covariant fields induced from the relationship between the representations occupies 
Section As shown in Section the translation invariant parts of the related fields to- 
gether obey the Dirac equation for free fields. In Section the vector potential for a fixed 
momentum source from Section El is shown to be the sum of the 12- and 21- field currents. 
Appendix A collects the results obtained by considering the representation adjoint to the 
canonical unitary representation of the main text, i.e. the construction of the covariant field 
vector in Appendix El is taken over fields that transform like creation operators. Appendix 
B contains a problem set. Problems 4, 5, and 6 outline a crude, heuristic physical basis that 
implies the scale of spin effects due to translations is on the order of one-half of a Compton 
wavelength. 

2 Spin 1/2 Poincare Representations 

It is convenient sometimes to work with a definite set of four 4x4 gamma matrices 7 M , fi 6 
{1, 2, 3, 4}, chosen here to be 

,M« -?) and -Mi t) , ID 



o k / ' \a 4 

where k G {1, 2, 3}, '0' stands for the 2x2 null matrix, the o k are 2x2 Pauli matrices, 

and a 4 is the 2x2 unit matrix. Also define the matrix 7 5 by 

7 5 = -^7 2 7 3 7 4 =(J ° t ) , (3) 

where '1' stands for the 2x2 unit matrix. The results below that are displayed with the 
choice of 7s in ((IJ) can be transferred by similarity transformations to other sets of gamma 
matrices. 
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By direct calculation from (P) one can verify that the anticommutators of gamma matrices 
are proportional to the metric, 

[ ff)ff y = ffff + fff f = 2rr , (4) 

where the 4x4 unit matrix is understood on the right and rf" v is the metric which is diagonal 
in this representation, 

r / = diag(-l,-l,-l,+l) . (5) 

Equation (J3J) is the defining characteristic of 4 x 4 gamma matrices. [H] 

The generators of the Poincare algebra are the angular momentum J^ v and momentum 
P^. The JP V can be represented by the following matrices 



^ = -^[7 M ,7l = -^(7^-7V) • (6) 



By (JU), one finds that 



where e % ^ k = (k — i){k —j)(J — i)/2 is the antisymmetric symbol defined for i,j, k e {1, 2, 3}. 
By (|5|). the generators J^ u are antisymmetric in [iv implying that the four J w are null and 
of the twelve remaining just six are independent. 

The momentum matrices in the '12- representation' are defined by 

#(12) 

% = — (1 + tV , (8) 



where K^ is a constant. By (|T|). one finds that 

where '(12)' designates the nonzero block of the matrix Pf\ 2 y 

Likewise, the momentum matrices in the '21-representation' are defined by 

Jf(21) 

^, = T (1-7V , (10) 

where K^ is a constant. For the choice of 7s in ([!]). one finds that 

P (21) =( ^(21) CT fc oj aIld P (21) = ( ^(21) a 4 J • (11) 



2 SPIN 1/2 POINCARE REPRESENTATIONS 6 

The 12- and the 21-momentum matrices have special properties that derive from their 
having just one off-diagonal nonzero block for the 7s in (£Q). The matrices (1 ± 7 5 )/2 in (JHJ) 
and ()1U|) are unchanged by squaring and are therefore projection operators. By the definition 
of 7 5 , (J3J), one finds that 

[^(l + 7 5 )][^(l-7 5 )]=0 and [±(1 ± 7 5 )][^(1 ± 7 5 )] = \(l ± 7 5 ) • (12) 

From this and the momentum matrix definitions (jHJ) and (fTUj) it follows that 

i(l- 7 5 )P£ 2) = and I(l + 7 5)Pg 1)= . (13) 

These expressions mean that certain parts of any vector are translation matrix independent, 
as will be shown in a later section. 

Collecting generators from ©, © and ()10j) makes two representations of the Poincare 
algebra, the 12-representation 

(^^( P i 2 )) (14) 

and the 21-representation 

(J^,Pf 21) ) • (15) 

The 12- and 21-representations have angular momentum matrices J^ u in common, differing 
by the momentum generators. It is straightforward to show that each representation obeys 
the commutation rules of the Poincare algebra, [Zj 

z[J^ ; jp°\ = rfPjt"> - TfPr° - rf p J pv + rf v J pp , (16) 

i[P^ JP°] = v wp ff - v pa P p , (17) 

and 

[P»,P u ] = . (18) 

[The commutation rules ()16|) show that the angular momentum matrices J^ u represent the 
homogeneous Lorentz algebra. The spin can be taken as either (0, 1/2) ©(1/2, 0) or (1/2, 0)© 
(0, 1/2) since these differ by a similarity transformation.] 

Any Poincare transformation can be written as a Lorentz transformation A followed by 
a translation through some displacement b. The transformation (A, b) depends on a set of 
antisymmetric parameters u^ that determine A and is represented by the matrix D L i(A,b), 
where 

£>{ r 12) (A, b) = exp H& M Pfi2)) exp(iuv J"72) , (19) 
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and 

Df } (A, b) = exp (-ib^Pfa) ex P (icu^J^/2) , (20) 

with the two different sets of momentum matrices, Pn 2 ) an d -P(2i)> distinguishing the two 
different representations. Since the momenta matrices are triangular, all quadratic and 
higher order terms vanish in the matrix exponent in P. The two representations agree for 
homogeneous Lorentz transformations, i.e. (A, 0), 

D^(A,0) = I>f ) (A J 0) = D II -(A) . (21) 

For example, the matrix representing a rotation through an angle £ about an axis along 
the unit vector n % = {cos sin 6, sin <fi sin 6, cos 8} is given by 

J D( J R(£n)) = cos(£/2) + zsin(£/2) 7 5 7Vn i , (22) 

where uiij = £,€ijkn k and the 4x4 unit matrix is understood in the cosine term. 

A boost along n taking the rest frame to the velocity vn with v = tanh£ is given by 

D(B{£n)) = cosh (£/2) - sinh (£/2) 7 V n,- (23) 

where ua = —Uu = £rij = — £n\ 

The translation along b^ in the 12-representation is represented by 

D( 12 >(1,&") = 1 - ib a P[ 12) = 1 - l -K( 12 \(l + 7 5 ) 7 CT (24) 

and in the 21-representation by 

DW(1,P) = l-ib a P( 2X) = l- t -K^b a (l- 1 5 )r ■ (25) 

Applying the projection operators (1 ± 7 5 )/2 can nullify the effects of the translation 
matrices. Bv (|I2 || . (fT3j> . (|2 ^ and (|2l) Jl . one finds that 

I(l- 7 S) i3 (^(A > ^) = i(l- 7 8 )2?(^(l ) ^)I?(^(A > 0) = i(l-7 5 )D(A) (26) 

and 

1(1 + 7 5 )jD (2i) (A5 ^) = 1 (1 + y) jD (2i)(i 5 & m )jD (i 2 ) (A5 0) = i(l + 7 5 )^(A) , (27) 

where there is no 6 M dependence in either result. These properties have use below. 
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3 Relating the 12- and 21-Representations 

The 12- and 21-representations are related. To see this, begin by noting that a similarity 
transformation with 7 4 lowers the 4-vector indices of 7 M and, therefore, changes the sign of 
7 5 , 

7W = W = 7m and 7 4 7V = -7 5 , (28) 

which can be verified directly from definitions (£Q) and (J3J). By definitions (jUJ), (jEJ), and (ITU1) 
one finds that 

7 4 ^7 4 = J,u (29) 

and 

7 4 Pf 12) 7 4 = P(2i)„ and 7 4 Pg 1)7 4 = P (12)m , (30) 

where the constants X ( 12 ) and K^ have been assumed to be equal, 

K (^) =K {21) =K (31) 

This simplifying assumption means that translations affect spin with the same distance scale 
in both 12- and 21-representations. (An estimate of the distance scale 1/K is deduced in 
problems 4, 5, and 6 of Appendix IH1 ) 

By (J2U|) and (J37JJ) . the two sets of generators, (fT4^) and (fT3j) . are related by 

7 4 (J^,Pf 12) )7 4 = (^^(2i)p) and j\j^, P^h* = (-V, ^(ia)p) • (32) 

It is clear that the 12/21 transition from one representation to the other involves a similar- 
ity transformation which is equivalent to an exchange of contravariant for covariant indices. 
The index exchange for the metric here, r\ = diag{— 1, — 1, — 1, +1}, is equivalent to a par- 
ity transformation since all spatial components are replaced with their negatives and time 
components are unchanged. 

The matrix representing a Poincare transformation (A, b) in one representation is similar 
to a transformation (A, b) in the other representation. To show this, use (J32J) which implies 
that 

7 4 D (12) «(A, 6)7 4 = exp (-^7 4 Pg 2)7 4 ) exp(tu^J^/2) (33) 

= exp (-i&^p/i-Ppi)) expfaiwVpuVov J pa /2) 

By (|19|). the expression on the right is the 21-representation of a transformation (A, b), 

7 4 P (12)/ r(A, &)7 4 = D {21)lT (A, b) , (34) 
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where the parameters u^ and 6 M for (A, b) are determined by 



u 



pa 



u) ia ,-n M j] ov = u) lw Tf' l rr = ^ pa and b p = b^ = b^ = b" . (35) 



Call this the '12/21 transition.' Clearly, the 12/21 transition exchanges covariant and con- 
travariant indices. 

The metric here is rj = diag{— 1, — 1, — 1, +1}, so the 12/21 transition changes the sign 
of parameters with an odd number of spatial indices and preserves the sign of those with an 
even number of spatial indices. In particular, the identity transformation (1,0) is mapped 
to the identity transformation. Pure rotations are determined by parameters u l i with two 
spatial indices so the rotation R(6n) is invariant. A pure boost B(<pp) in the direction p is 
determined by uo l4 = <pp l . Hence when the transformation A is a pure boost along p, then 
A is the pure boost in the opposite direction, B(—<pp). Finally, one can see by (J33j) that the 
translation T({b k , b 4 }) corresponds to the translation T({—b k , b 4 }). Thus for a pure rotation 
R, a boost B, and a translation T one finds that 12/21 transition determines transformations 
R, B, and T given by 

R(9n) = R(0n) B(<f>p) = B(-<f>p) (36) 

f({b\b 4 })=T({-b\b 4 }) . 

Note that the 12/21 transition, (A, b) into (A, b), is equivalent to a parity transformation. 

Spacial inversion, i.e. the parity operation, changes the relative orientation of the x, y, z 
axes and cannot be built from infinitesimal rotations, boosts, or translations since these can 
not change the axes' orientation. In this paper parity transformations are not represented, 
only those transformations arising from infinitesimal transformations connected to the iden- 
tity are discussed. Thus, in the 12-representation, only Poincare transformations connected 
to the identity are considered. The same is true for the 21-representation. Spacial inversion, 
i.e. parity, arises only when comparing the 12- and 21-representations. 

4 Invariant Coefficient Hypothesis 

The calculation presented in this section closely follows Weinberg, |T]. 

With invariant coefficient functions u, the construction ip = Y^ua transforms with a 
Poincare transformation (A, b) according to 

■0 = V^ ua — > if)' = y^ ua . (37) 

a a' 

If the coefficient functions are allowed to change freely, i.e. v! can differ from u and possibly 
depend on the transformation, then no new information is gained; the transformed equation 
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on the right above would then merely reflect the existence of the original on the left. Having 
invariant, nonzero coefficient functions, v! = u 7^ constrains the coefficient functions, 
leading to constraints on ip. All the results below are based on the constraints imposed by 
the Invariant Coefficient Hypothesis and the transformation characters of the covariant field 
vector ip and the canonical field vectors a. 

The covariant vector fields ip^ and ip( 21 \ are required to be linear combinations of 
canonical field vectors a, 

tf 2) (*) = J2[d 3 P u ( i 12 \x;p,a)a(p,a) , (38) 

4 21 \x) = J2[ d3 P u {21 \x;p,a)a{p,a) , (39) 



and 



The symbol p denotes the space components of the momentum, {p x ,p y ,p z }. The spacial 
components p determine the time component because the mass is held fixed and p l is required 
to be positive for this class of Poincare transformations. 

The covariant fields ?/>( 12 ) and ip^ 21 ^ transform like relativistic field operators, jH], [H] 

f/(A,6)^ (12) (x)^ 1 (A,6) = Y,Dp ) -\A,b)4 2 \Ax + b) , (40) 

1 

and 

f/(A,6)^ (21) (x)f/- 1 (A,6) =Y,Df ) -\Kb)^ 21 \Ax + b) , (41) 

1 

where D^ l2 \A, b) and D^ 21 \A, b) are the spin 1/2 covariant nonunitary matrices representing 
the spacetime transformation (A, b) in the 12- and 21-representations of the Poincare group 
discussed in Section |2] above. The matrices transform the components labeled by the index 
I and there is a differential representation that transforms the field defined on the space of 
continuous variables x — ► Ax + b. 

The canonical field vectors a transform like annihilation operators and single particle 
states, HU, HU 



i/(A,6)o(p, < 7)tr 1 (A,6) =e-^ 6 y^5:^i ) (W- 1 (A,p))a(p A ^) , (42) 

where j is the spin of the particle and where 

W(A,p) = L-\Ap)AL{p) , (43) 
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with L(p) a standard transformation taking the standard 4-vector k^ = {0, 0, 0, M} to p, 
e.g. a rotation taking p to z followed by a boost along z followed by a rotation taking the 
unit vector z to p. The momenta are restricted by 

P^ = M 2 , (44) 

where M is constant. Thus p^ 1 is determined by p together with p 4 > 0. The space com- 
ponents of the transformed momentum Ap are denoted pa- Since W(A,p)k = k, it follows 
that W is a rotation. The matrices D^ form a unitary spin j representation of rotations. 

The dependence of u\ (x; p, a) on coordinates x and translation b can be taken care of 
by defining Uf(p, a) in the following expressions for the coefficient functions, 



u 



(12)/ .^ n = / g _N-3/2.-tp.xV- n (_12) 



x;p,a) = (2^^ 2 e'^Y,Dlr(l,x) Ul (p,a) (45) 



and 

u? X \x;p,a) = (2n)-V 2 e-^Y,D% 1 \l,x)u I (p,a) . (46) 

i 

By (J40|l . (J42j), (J45|l and (J46|) . the transformed equation ip' = T^ a , ua' reduces to 



J2D lI (A)u I (p,a) = J^Y,MPA,v)D£(W(A,p)) . (47) 

; V P a 



The labels (12) and (21) are dropped on uj(p, a) because equation (|4Tj) for uj(p, a) is the 
same equation in both the 12- and the 21-representations. Of course if there is more than 
one solution to the equation, then the function Uf(p, a) for the 12-representation may differ 
from the function Uf(p, a) for the 21-representation. In fact, as shown below, equation (I4T1) 
determines uj(p, a) in terms of two arbitrary constants and the constants can be different 
for the 12- and 21-representations. 

To determine the particle spin j, consider the case when p^ is the standard 4-vector, p^ 
= k^ 1 , which has zero spatial momentum components p = k = and let A be a rotation R. 
The rotation has no effect on the null spacial components of k 11 , and it follows that Rk = k 
and pr = 0. Also, W(R, k) = L~ l {Rk)RL(k) = R because L(k) = L~ l {k) = 1. In this case 
(jUj) reads 

Y^D lI (R)u I (0,a) = Y,M0^)D { £(R) . (48) 

i CT 

By ((7|) and (|T§|) with A = R and 6 = 0, the matrix Dn(R) has a block diagonal form and 
implies that 

^E^^±(° 5 ° r )=E^±( ^)4f , (49) 
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12 



where J^' k is an angular momentum matrix for the canonical representation, generating 
rotations not boosts. By one of Schur's lemmas 12 it follows that, unless the coefficient 
functions vanish, j = 1/2 and the generators a k /2 and jw fe are similar. They may be taken 
to be identical, 



j{j)k = v 



(50) 



Knowing the generators J^' k determines the representation D^ which can now be used 
to determine w(0, a). Replacing J^' k in (j4T?j) with a k /2 implies that the coefficients u m ±(0, a) 
form matrices, one for + and one for — , that commute with the Pauli matrices a k and are 
therefore proportional to the unit matrix, u m ±(0,a) = c±5 ma , 



(0 /2)= / Um+ (0,+l/2)\ = /c + 5 mi+1/2 N 

V Mm- (0, +1/2)7 \C~d mt+1 / 2 ) 





V o y 



(51) 



and 



ui(0,-l/2) 



M m+ (0, -1/2) \ __ fc + 5 m -i/2 
« m _ (0,-1/2)/ \C_<5 m _i/ 2 



(52) 



c+ 



\c-J 

Thus the coefficient functions for p^ = k^ are determined by two parameters c±. These may 
be different in the 12- and 21-representations. 

To find the w(p,cr) in ()45|) consider another case of (|47|). this time when A = L~ 1 (p). 
Since L{p) takes k to p, it follows that £ _1 (p) takes p to k and that ^(L -1 ^),^) = 
L^ 1 (L^ 1 (p)p)L^ 1 (p)L(p) = L _1 (fc) = 1. Now (}4"Tj) becomes, for this case, 



M;(P,(XJ 




£Ar(£(p)K(0,c7) 



(53) 



By (l43|) . (J4TJ) . (|5*T|). and (|5^j) the coefficient functions w} (x; p, <r) and w z (x; p, a) are 



(12), 



given by 



u\ 12 \x;p,a) 



u 



(21), 



L>J 2) (l,a;K(:r;p,a) 

,(21) 



x\ p, o-) = aV (!) ^H^! P. cr ) » 



where w(x; p, a) is given by 



u f (x; p, a) 



(2 



IX 



,-3/2 jM-ip-x 



pi 



e-^Y, D in{L{p))u n {^a) 



(54) 
(55) 

(56) 
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for both the 12- and 21-representations. The constants c± in u n (0, a), (f5*T]) and (|52 j) . may be 
different for the 12- and 21-representations. Therefore the coefficient functions u\ [x\ p, a) 
are determined by the parameters c± and the coefficient functions u\ (x;p,cr) are deter- 
mined by the generally different parameters d±. 

The structure of the expressions in (J54*)l . (JS3J) and (J^Bj) reflect the observation that the 
12- and 21- representations agree for rotations and boosts, i.e. note the D(L(p)) in the 
expression (}56|) for u(x;p,a), but the representations differ for translations, i.e. note the 



£> (12) (l,x) and D (21) (l,x) in (jEIJ) and ((HSJ) that distinguish 



a 



(12), 



.r 



; p, a) from u^ 21 \x; p, a). 



5 Relating the 12- and 21-Fields 

As discussed in Section EJ the 12- and 21-representations of the Poincare group of spacetime 
transformations are related by a similarity transformation in the equivalent form of an ex- 
change of contravariant and covariant indices as displayed in (|34|) and ()35|) . This relationship 
induces a relationship between the 12-field ip^ and the 21-field ip( 21 \ 

By (|54*|) . (J33Jl . (J54*)l . and (J51)|) . it follows that a 12- coefficient function determines a 21- 
coefficient function, 



/M 



7 V 12) (x,p,cr) = (27r)- 3 / 2 W^-e- ip V^ (12) (^(p)^)7 4 7 4 M(0,a) 



F 



7 4 M (12) (x,p,a)=M( 21 )(x,p,c7) 



(57) 



where 



u {21) (x,p,a) 



(2n)- 3/2 J^e- ip - i D ( - 21 \L(p),x)u(0. 

V v 



a) 



In these equations, 
and 



F" = fyu/P" = £V and xM = ^ 



u(0,«r) = 7 4 u(0,(j) . 
For a = +1/2 and the 7s in (jTJ), equation (f6T)|) becomes 



"(0,1/2) 



fc + \ 

c_ 

V / 



7 4 m(0, 1/2) 



/c_\ 


c+ 

V y 



(58) 

(59) 
(60) 



(61) 
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and, for a 



-1/2, 



£(0,-1/2) 




\c-J 



7^(0, -1/2) 



c_ 




(62) 



Thus the parameters c± for u(0, a) and the parameters c± for u(0,<r), see (jHTjl and (|K2^1 . 
satisfy 

c± = c T . (63) 

The induced relationship ()57|) involves opposite momenta, p and p = —p. To find the 
relationship at equal momenta, go through zero momentum, using w(0, a) and u(0, a). With 
parameters c± = c T , by (jEBJ), it follows from (fBTIj) and its equivalent for u that 



udx;-p,a,c + ,c- 



ui(x;p,a, c-,c A 



(64) 



where the dependence on the parameters c± is displayed explicitly Thus the relationship 
between the 12- and 21-representations selects a 21-coefficient function u that differs from 
the 12-coefncient function u by an exchange of parameters c + ^-> c_ at any momentum p. 
Furthermore, applying the transition twice brings back the original situation. 



6 Translation Matrix Invariance; Dirac's Equation 

The 12- and 21-representations described in Section |21 have nontrivial momentum matrices. 
Thus, by (J4*U|) and (J41}1 . neither ?/^ 12 ) nor ip^ are invariant under translations b in D(A,b). 
However, the momentum matrices have special properties. For example, when written with 
the 7s in (^), the momentum matrix Pn 2 ) i n © has a null second row. This means that the 
corresponding components of a coefficient function U[, say, are unchanged upon multiplication 
by a translation matrix, 1— ib^P^y These components but not the others are invariant under 
matrix translations. While the results do not depend on the choice of 7s, from expressions 
((HI) and (jlip for the momenta which show the null rows, it follows that translation matrix 
invariant expressions can be found. 

To obtain such an invariant which has a full complement of not-necessarily-null compo- 
nents it is necessary to mix parts from both and the 12- and 21-representations, consider 
defining the 'mixed' quantity ?/>( 21 / 12 ) , 



i> 



(21/12) 



f(l- 7 V 12) + f(l + 7V 21) 



(65) 



+ ^(l + 1 5 )D^ a \A,b)^ 21) (Ax + b) 
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where a and j3 are arbitrary complex constants. 

The following calculation shows that ip( 21 > 12 > is indeed invariant to matrix translation: 

f/(A,6)^ (21/12) (x)t/- 1 (A,6) = 

= |(l - 7 5 )[/(A, b)4 12 \x)U-\K, b) + |(1 + 7 5 )f/(A, 6)^ (al) (x)Cr 1 (A > 6) 
= |(1 - 7 5 )!)* 1 V(A, b)4 12 \Ax + b) + 

which implies by f|26|) and ()27|) that 

f/(A,6)^ (21/12) (x)?7- 1 (A,6)= J D^ 1 (A)^ 21/12) (Aa; + 6) , (66) 

where the absence of b^ in D~ 1 (A) shows the invariance under matrix translations. Compare 
this with the D _1 (A, b) in (gUJ) and (ETT1) . 

In f!66|) . the differential representation of translations is evident in the dependence of x, 
x —>■ Ax + b. But the matrix D~ 1 (A) on the right above indicates that the matrix shuf- 
fling of the components of ip\ is independent of b, so ip L is invariant under matrix 
translations. 

The choice of constants a and (3 that most simply determines the Dirac equation is the 
following, 

a = (3 = 1, (67) 

that is, the 12- and 21-fields are equally weighted. The choice of unity is made for con- 
venience. Equation (|67|) or something like it is essential to obtain the Dirac equation. In 
Appendix El a different choice (a = —j3 = +1) is made for vectors that transform like cre- 
ation operators in order to arrive at the same Dirac equation as found in this section below. 
Note that, for a = P, the 12/21 transition leaves f/A 21 / 12 ) unchanged. 
Define the 'mixed coefficient function' u^ 21 / 12 -* by 

uf l/l2 \x; p, a) = -(1 - 7 5 K (12) {x; P, a, c+, c_) + - (1 + 7 5 )wj 21) (:r; p, a, c+, c_) (68) 

or for the 7s in (JTJ) and the induced parameter relation c± = c T , (JED), one finds that 

(21/12)/ . x __ fu m +(x;p, a, c-,c-i 



«r"'(«;p.-) = ( ;::;;: £™<i m 
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Expression (ffiHJ) explains the notation (21/12) which can be read as '21 over 12,' indicating 
the origin of the components in the 21- and 12-representations, respectively. 
Bv (fHl)l . (jHHjl and (|B5jl . one finds that 



a 



(21/12) 



(x;p,a) = (2tt 



-3/2 jM-ip-x 



jf 



e-^Y,D Jn (L(p)) 



u 



(21/12) 



(0,a) 



(70) 



where for the 7s in (JTJ) and by (joTj) . (p^j) . and (jo^j) 



u 



(21/12) 



(0,1/2) 



f c -\ 


c_ 

V y 



,(21/12) 



and uY ' } (0,-1/2) 





Vc-7 



(71) 



Thus the quantity w( 21//12 )(0, a) is an eigenvector of 7 4 , 

4 (21/12) / n n, (21/12) , n s 

7 «i (0,0") =m^ ; (0,cx) . 



(72) 



This expression and the expression (J70)) form the basis of the Dirac equation for massive free 
spin 1/2 particles. 

By (|70J1 and ()72j) . the mixed coefficient function -y( 21 / 12 ) satisfies 



D(L(p))^D-\L(p))4 21/12 \x;p,a) = uf 1/l2 \ X] p,a) . 
For momentum p M parameratized by 

p^ = M{sinh £ cos sin #, sinh £ sin sin 0, sinh £ cos #, cosh £} 
the matrix representing the special transformation taking k to p is given by 
D(L(p)) = D{R{(fr))D{R{6y))D{Bm)D{R{-0y))D{R{-<IA)) . 



(73) 



(74) 



(74.5) 



To see how the expression D(L(p))'j 4: D x (L(p)) can be rewritten, consider the case for 9 = 
0, i.e. momentum p in the z direction, 

D{B{&))^D-\Bm) = (75) 

= (cosh (£/2) + sinh (£/2) 7 4 7 3 ) 7 4 (cosh (£/2) - sinh (£/2) 7 4 7 3 ) 
= (cosh 2 (f /2) + sinh 2 (£/2)) 7 4 - 2 sinh (£/2) cosh (£/2) 7 3 
= cosh (£) 7 4 — sinh (£) 7 3 , 
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which is just the result of transforming {0,0,0,7 4 } by i? _1 (^z). The general rule is that a 
vector matrix transforms as a second rank tensor and as a vector, i.e. 

D{A)-fD-\A) = (A- 1 )^ ■ (76) 

One can show that L~ 1 {p) takes k^/M = {0, 0, 0, 1} to p^/M and 7 4 is the fourth component 
of 7 M , it follows from (|75|l and (fTtjj) that 

7%4 21/12) fa P, *) = Muf 1/12) (x; P , a) . (77) 

By (|7U|) the mixed coefficient functions u^ 21 ^ 12 \x; p, a) depend on coordinates x M only in the 
plane wave factor exp (— ip ■ x). It follows that the usual gradient operator id^ can replace 
the momentum p^ in (|77j) and ^ 21 ' 12 \x) must obey the Dirac equation, 

i^d^f l,l2 \x) =M^ 21/12 \x) , (78) 

where d^ = d/dx^. Note that the properties of the canonical vectors a(p, cr) are irrelevant 
and the equation for ^( 21 / 12 ) follows from the equation for the coefficients u 1 - 21 / 12 ). This is 
because the Dirac equation is linear and the canonical vectors a(p, cr) do not depend on 
coordinates x^. 

Thus it has been shown in this section that the Dirac equation follows automatically from 
the Invariant Coefficient Hypothesis for the translation matrix invariant parts of fields that 
are related simply by the 12/21 transition. 

7 Current as Vector Potential; Maxwell's Equations 

The covariant fields ip transform by two types of translation representations, differential 
and matrix. This is reflected in the coefficient functions u^ 12 '(x; p, a) and ■u ( - 21 - ) (x; p, a), (J5lj) 
and 1)5 5|) . which depend on coordinates x M through a plane wave factor, exp (—ip ■ x), and 
through matrix translation factors, D^ 12 '(l, x) and D' 21 ^(l, x). The plane wave factor is a spin 
independent factor, while the translation matrices adjust the spin as a function of position. 

In this section, one consequence of the position dependent spin is described. It is shown 
that the currents j^ and j*- 21 ^ of these coefficient functions have position dependence such 
that the sum of the currents, j( 12 )^ + j^ 21 ^, has the same position dependence as the vector 
potential of the current for the coefficient function -y( 21 / 12 ) discussed in Sectional 

Define the currents j( 12 )^ and j( 21 w by 

j< u >"(x; p, a) = t- u^ 2 \x- P , a)^ 12 \x- P , a) (79) 
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and 

]^(x; p, or) = £ ^ (21) (x; p, a)Yu {21 \x; p, a) , (80) 

where u = u^ A . The current for p^ transforms to the current for g M by a Lorentz transfor- 
mation obtained by applying the standard transformation taking p^ to the standard 4- vector 
k^ 1 followed by the standard transformation from k^ to q^, 

/ 12 >(*;q,cr) = [L{q)L-\p)fJ 12 >{L{p)L-\q)x-p,a) (80.5) 

and similarly for j( 21 )/\ Even when p^ and q^ differ by a simple rotation, the transformation 
L{q)L^ 1 {p) is not a rotation. These currents do not transform simply. 

The plane wave coordinate dependence exp(— ip ■ x) cancels out in j( 12 )^ and j*- 21 ^, so 
the only dependence on coordinates is in the translation matrices D^ 12 \l,x) and D^ 21 \l,x) 
and their adjoints, 

J^(x;p,a) = £ u\0;p,a)D^\l,x) 1 S fl D^\l,x)u(0;p,a) (81) 

and 

j^(x;p,a) = £ u\0;p,a)D^\l,xh 4 r^ 21 \l,x)u(0;P^) • (82) 

By expressions (J2IJ) and (J25J) for D^ 12 \l,x) and D (21) (l,x), one sees that L>( 12 )(l,x) = 
1 — ix^P^s. and D^ 21 )(l,x) = 1 — ix^P^s, i.e. they are linear in the coordinates. Thus the 
currents are quadratic in the coordinates x M . In particular, third order partial derivatives 
vanish and second order partials are constants. 

By (J2IJ), (|25Jl . (J8~T|) and (|82j) . the second order partial derivatives of the currents with 
respect to coordinates x T and x K are found to be 

^L-jM*(x) = K 2 ( VarmK + 7j m vpr)£u-{0; p, a) 7 a 7"7^-(0i P, a) (83) 

and 

f)2 t 

P 1 ^(x) = K 2 (r ]aT r ]pK + r ]aK r ]pT )^ + (0 ] p,a) 1 a l^u + (0 ] p,a) , (84) 



where, for the 7s in 



and 



1I _(0;p, ff ).i(l- 7 >(0;p,.)=( Um _ (0 ° ;p _ (T) ) (85) 

S + (0;p,a) S i(l+7 5 )i(0;p, t r) = ( fi '" +(0 ;P ' ff) ) . (86) 
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By a straightforward calculation, expressions (|8H|) and (fMj) imply that 

d T d T jM»(x;p,a) -d»dj 12 ^(x;p,a) = -12K 2 ^u4x;p,a)^u4x;p,a) (87) 

and 

d T d T p^(x; p, a) - PdjW'fa p, a) = -12K 2 ^ + (x; p, a)^u + { X] p, a) , (88) 

where d T = r] TU d/dx u . 

Note that the ^-independent currents of w_(0; p, <r) and w+(0; p, a) are the same as the 
currents of it_(x; p, a) and tt + (x; p, a) because these coefficient functions are invariant under 
matrix translations and depend on position x^ only in a plane wave factor exp {—ip ■ x) that 
cancels out of the current. And it is just these matrix translation invariant quantities that 
make up the mixed coefficient function zf( 21 / 12 ). 

Define the quantity a M as proportional to the sum of the currents, 

^(x;p,a) = Y ^{j^(x;p,a)+j^(x;p,a)] , (89) 

where the constant q is introduced to put the following equations in a familiar form. By 
flHZJ), (|55|) and (|H9]) it follows that a M is a vector potential for the current qj( 21 / 12 ^ due to 
M 21 / 12 , i.e. 

cTcU«(a;; p, a) - d»d K a K (x; p, a) = gj (21/12) "(p, a) , (90) 

where 

jW*>»(p,cr) = £ u^ 12 Hx;p,a)ru^ 12 \x;p,a) . (91) 

Note that j( 21 / 12 )^ does not depend on x M because -u( 21 / 12 ) depends on x M in a phase factor 
and the phase factors of «( 21 / 12 ) and u( 21 / 12 ) cancel. Thus the current j( 21 / 12 )^ is constant 
throughout spacetime. Unlike j^ 12 ^, J*- 21 ^, and a M which do not transform simply as the 
momentum changes, the current j( 21 / 12 )m is proportional to the 4- vector momentum p^ and 
thus the current j( 21 / 12 )^ transforms as a 4- vector just as p M does. 

Equation (J97JJ) shows that a^ is the vector potential because a M satisfies the Maxwell equa- 
tion and that defines the vector potentials of the current j( 21 / 12 )^. (Other vector potentials 
satisfy the equation and are related to a^ by gauge transformations.) 

To obtain expressions for the associated electromagnetic field, define the quantity F^ u 
by 

F"" = a*" - a^ , (92) 



7 CURRENT AS VECTOR POTENTIAL; MAXWELL'S EQUATIONS 20 

where the commas denote partial differentiation, 

da 11 
a** = rr£ • (93) 

One of the Maxwell equations is automatically satisfied by the definition (}92j). 
By (EH one finds that 



F " U ^ P, <0 = T [ (2^M" (0; P ' a) JM ' W(0; P ' a) + (27t)Cm " (0; P ' a) J "^ (0; P ' a) + 

(95) 
+ ^( 21 / 12 >(0; P)( x)-x^( 21 / 1 ^(0;p,a)] , 



from which it follows that 

gi (21/12)M (x . p;(T) . (96) 



9F^(x;p,a) _.(21/12) M , 



<9z/ 

One can show that F^ u for a given momentum p^ transforms as a second rank tensor when 
p^ changes. 

Equations (|94j) and (|96j) show that F Mly satisfies the Maxwell equations for a charged 
source current gj^ 21 / 12 ^ M (0; p, a) = gj^ 21 / 12 ^(x; p, a), where the ^-dependence cancels out in 
j( 21 / 12 ) as previously discussed. Thus F^ v is the electromagnetic field in the presence of the 
charge current gj( 21 / 12 )^. 

Other electromagnetic fields can have the same charge current density; they differ from 
F^ u by what are called 'boundary conditions.' Since the Maxwell equations are differential 
equations, any constant field, for example, can be added to F^ v and still obey the Maxwell 
equations for the same current source. In fact, the terms in parentheses with J^ u in (|95j) are 
constant. (In Appendix B, Problem 6, the constant field is matched to a dipole moment field, 
so these constant terms may be interpreted as being due to an intrinsic magnetic moment.) 

It is important to note that the current is quadratic in coefficient function factors giving 
rise to interference terms when coefficient functions are summed. Furthermore, the specific 
properties of the canonical vectors o(p, a) may be relevant when coefficient functions for 
different momenta are mixed. Pursuing such considerations lie beyond the scope of this 
paper and may be treated elsewhere. 

The coefficient function u 21 ^ 12 may therefore be considered 'intrinsically charged,' mean- 
ing the charge arises from the Invariant Coefficient Hypothesis and the transformation prop- 
erties of the spacetime symmetry group connected to the identity. Thus the Invariant Co- 
efficient Hypothesis applied to covariant and unitary fields constrains m 21//12 (x; p, a) to obey 
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the Dirac equation without assuming that the Dirac Equation applies and also determines 
the vector potential a M and electromagnetic field F^ that satisfy the Maxwell equations for 
the current of m 21//12 (x; p, a) without assuming that the Maxwell equations hold. 

A Adjoint Representation 

The canonical fields a(p, a) transform by a unitary representation of the Poincare group, 
see equation (J4"2*|) in the text. Inverses can also represent the group and the inverse of the 
unitary matrix D(W) representing the transformation W is the adjoint matrix, 

D-\W) = D\W) . (97) 

Thus the construction of covariant field vectors ip\ (x) and xpl (x) could equally well pro- 
ceed with vectors that transform by the adjoint representation. Creation operators transform 
in this way, so in this Appendix, covariant fields are constructed from canonical field vectors 
that transform like creation operators. 

Following standard notation, the canonical field vectors are denoted a cJf (p,o~). The su- 
perscript c is a reminder that these may be a completely new set of vectors entirely distinct 
from the canonical field vectors a(p, a) used in the construction in the text. A covariant 
field vector ipi{x) constructed from the a c ^(p, u) can be termed a 'negative energy field' while 
those of the text are 'positive energy fields'. 

The construction and derivation go through the same steps as the text, so only a few 
equations will be presented in this Appendix. 

Invariant Coefficient Hypothesis. The covariant vector fields ip^ and ip( 21 \ are required 
to be linear combinations of canonical field vectors a c \ 

4 12 \x) = E [*P vi 12 \x;p,a)a^(p,a) , (98) 

W 21) (*) = E f d 'P vl 21 \x;p,a)a c \p,a) . (99) 



and 



The coefficient functions are now labeled v. 

The covariant fields again transform by (|4U|) and (|41|) . The canonical field vectors a cJf 
transform like creation operators, ^H] 



f/(A,6)a c t( P ,a)^- 1 (A,6) = e ^Y^E^( W/ " 1 ( A ^)) aCt (PA^) , (100) 
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where the symbols were defined with equation (|42)1. 

The dependence of v\ '{x\ p, er) on coordinates x and translation b can be taken care of 
by defining vj(p, a) in 



v\ 12 \x;p,a) = (27T)- 3 / 2 e i ^J2DP(l,x)v T (p,a) 



(12), 



and 



(21), 
V, [X 



;p,c7) = (27r)- 3 /V^$>f '(l^Kp,. 



(101) 



(102) 



The function vj(p, a) may be different for the 12- and 21- representations, but it satisfies 
the same equation in both representations, 



EaKAMp,*) 



i(ApY 
pt 



Y^v l (p A ,cx)D^(W(A,p)) 



(103) 



Just as in the text the solution depends on two arbitrary constants which in general differ 
for the 12- and 21-representations. One finds that the coefficient functions v^ (x] p, a) and 
v\ (x; p, a) are given by 



v\ l2 \x;p,a) = dIj 2 \i,x)vi(x;p,(j) 



,(21) 



// 

(21), 



v\ '(x;p,a) = D\ T ; (l,ar)vf(x;p,a 



where v (x; p, a) is given by 



IM 



r,(.r.p.a) = (27r)" 3 / 2 \l^e** £ Ifc(L(p)K(0, a) 



(104) 
(105) 

(106) 



for both the 12- and 21-representations. The generators of the adjoint representation are 
determined within a similarity transformation and can be taken to be 



- J^ k * = -a y a k a y , 
2 

which is consistent with (jHUj) . The quantities f n (0,<r) are found to be 

«i(0, +1/2) = rf Q + 



(107) 



108) 
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and 



vi(0,-l/2) 



fd + \ 


Vo j 



(109) 



(1 2^ 

where d± are two arbitrary constants. Thus the coefficient functions v\ (x;p,a) and 

( 21 *) 

Uj (x; p, a) are determined by two parameters d±. Of course, the constants d± in v n (0,a) 
may be different for the 12- and 21-representations. 

Relating 12- and 21 -Fields. The 12/21 transition discussed in Section El can be extended 
to 12- and 21-fields just as in Section EJ One finds that 



where 

In these equations, 
and 



d^ 21 Hx * 



7 V 12 )(x,p,cr) = £ (21) (x,p,cr) 



<M 



p,a) = (27r)- 3 /\-e i ^D^\m,x)v(0,a) 



p l 



P^ = VijwP u = Vv and x* = x y 



v(0,a) = 7 \(0,a) . 
For a = +1/2 and the 7s in (JIJ, equation (J113JI becomes 



(110) 

(111) 

(112) 
(113) 



6(0,1/2) 



(9\ 

d, 





7 S(0, 1/2) 







which implies that 
And it follows that 



d± = d^ 



(114) 

(115) 
(116) 



vi(x; p, a, d+, d_) = v t (x; p, a, d_, d+) , 

much as found in Section EJ 

Translation Invariance; The Dirac Equation. As in Section |3 define the 'mixed' quantity 

^(21/12) ; 

^ (21/12) = f(l-7V 12) + f(l + 7 5 )^ (21) , (H7) 



A ADJOINT REPRESENTATION 24 

where a and (3 are arbitrary complex constants. It follows that 

U(A 1 b)^l 21/12 \x)U- 1 (A,b)=D lI 1 (A)^ 21/12 \Ax + b) , (118) 

and again one sees that ip\ (x) is not invariant under the differential representation 
of translations since x — > Ax + 6 depends on 6 but ^ (x) is invariant under matrix 

translations because D~ 1 (A) does not depend on b. 

The choice of constants a and /? must be coordinated with the choice made in the text. 
The 12- and 21-fields still weigh equally but with opposite signs, 

a = -p = +l . (119) 

This time applying the 12/21 transition to ifil (x) brings back its negative. The choice 
produces a Dirac equation that has exactly the same form as the equation (|75j) determined 
in the text, including the sign. 

The minus sign in (J119JI becomes the eigenvalue for the eigenvector v\ (0, a) in 

W 21/12) (0,a) = -,! 21/12) (0,a) , (120) 

where v\ (0, a) and similar quantities are defined in the same way that u\ (0, er) and 
the quantities in the text were defined. This expression and the expression here similar to 
(J70J) in the text form the basis of the Dirac equation for free spin 1/2 particles with negative 
energy. 

Following the same steps as those taken in the text, one finds that 

7>^f 1/12) (x;p,a) = -Mt;f 1/12) (x;p,a) . (121) 

Note the minus sign in (j!21|) for negative energy fields that does not appear in (|77)l for positive 
energy fields. The minus sign originates in the choice of constants a and /3 in ()119|) and is 
needed because of the phase factor exp (+ip ■ x) that appears with the adjoint representation 
here compared with the phase factor exp {—ip ■ x) that appears with the representation in 
the text. Thus the momentum is p^ = —id^ here which is the negative of the operator in the 
text for the positive energy fields. The minus sign in ()119|) adjusts for this difference and 
one finds that the negative energy field constructed from the adjoint representation in this 
way satisfies the same Dirac equation as the field in the text, 

i 1 »d^f lll2 \x) = Mil)f 1/12 \x) . (122) 

The fields m ( x ) here and those in the text both transform as covariant field vectors and 
may be combined, perhaps with as-yet-arbitrary numerical coefficients, to make a covariant 
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field vector that is more general than either the negative energy field from Appendix [X] or 
the positive energy field from the text. 

Current as Vector Potential; the Maxwell Equations. The calculation showing that the 
current obeys the Maxwell equations with jj ' (p, cr) as the source goes through just as 
in the text. The reason is that the result follows from the coordinate dependence of the 
following expressions 

D^V^frV-D^CM) (123) 

and 

D^\l,x)-f 4 YD {21 \l,x) (124) 

and these same expressions appear with the currents defined below. 
Define the currents j( 12 )^ and j( 21 )^ by 

j^(x;p,a) = t. v^\x- V ,a)^v^\x- V ,o) (125) 

and 

]^( X ;p,a) = ^ i, {21 \x;p,a)Yv {21) (x;p,a) , (126) 

where v = f^ 4 . The current for g M can be obtained from the current for p 11 by applying 
L(q)L~ 1 (p) to the j M s and the inverse of that transformation to x M , as in Section 
As in the text, define the quantity a^ to be proportional to the sum of the currents, 

a"(x; p, a) = -^[j^(x; p, a) + j^(x; p, a)} , (127) 

where the constant q is introduced to put the following equations in a familiar form. Again 
it follows that a M is a vector potential for the current qj( 21 / 12 ^ because one can show that it 
satisfies the equation 

d T d T a^(x; p, a) - d^d^ix; p, a) = gj (21/12)M (p, a) , (128) 

where 



p, a) = t- vf l/12) (x; p, a)Yvf l/l2) (x; p, a) . (129) 



-,•(21/12)/*, 

,J M 



Equation ()128|) shows that a M is the vector potential because a M satisfies the Maxwell equation 
and that defines the vector potentials of the current j( 21 / 12 )^. 

The antisymmetric quantity F^ v is defined for the negative energy fields in this Appendix 
by 

F» v = a"' v - a"'" , (130) 
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and can be shown to satisfy the Maxwell equations (j92)l . 

pfiu,\ _|_ pu\,fi _|_ p\fi,u _ g (131) 

and 

"'■'"""■" "i = oW^(p, a) . (132) 



<9z/ 

Equations f)131j) and (|132|) show that F^ v satisfies the Maxwell equations for a charged 
source current gj^ 21//12 ^(p, a). Thus F^ u is the electromagnetic field in the presence of the 
charge current gj( 21 / 12 )+ The coefficient functions w 21//12 and t> 21 / 12 may therefore both be 
considered 'intrinsically charged,' meaning the charge arises from the Invariant Coefficient 
Hypothesis and the transformation properties of the spacetime symmetry group connected 
to the identity. 



B Problems 

1. (a) Use the 7s in (0) and definitions (JHJ), (jHJ) and (fTUJl to verify the matrix expressions 
(J7J), and (fTTjl for the Poincare generators, (b) Show that these matrices satisfy the 
commutation rules (|TB|) . (fT7|) and (JTBJ). 

2. Show that ~a k * = a y a k a y . Compare this with flU)) and ([TUTI) . 

3. (a) Find the matrix D^,l{W(A,p)) to lowest order in 5 when p = M{0, 0, sinh£, cosh^} 
and A is a boost along x determined by uju = 8. Use the generators J^ k = a k /2, as in (joTH) . 
(b) Also calculate the matrix -D(A), (fTU|) and (|2*T|) . (c) Use (a) and (b) to write equation 
(07j) to first order in 5 for this case. 

4. (a) Use the formulas in the text to find the electromagnetic field of a spin 1/2 particle 
at rest and with a = +1/2. (b) Repeat (a) for a spin 1/2 particle moving in the ^-direction 
with an energy of cosh£ times its rest energy, p 4 = Mcosh£, and with a = +1/2. (c) Show 
that the boost B(C,z) transforms one field into the other. 

5. In problem (4a), for a spin 1/2 particle at rest, the electric field was found to be 

2c 2 

E l = F il = —ar % 

3(27r) 3g ' 

where r = {x,y, z}. Assume the covariant fields ip\ (x) and ij)\ (x) are nonzero inside a 
sphere of radius R centered on the origin and vanish outside the sphere. Also assume that 
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the electric field external to the sphere obeys the Maxwell equations for empty space and is 
continuous at the boundary of the sphere. Then Gauss's Law holds with the surface integral 
of E % over any surface containing the sphere being equal to the charge of the sphere divided 
by a constant, / E ■ da = e/e , where e is the charge in coulombs and e is the permittivity 
constant. Use SI units. For convenience let q = e/4Tre and show that 

- R 3 = 1 , 



3(2tt) 3 
which normalizes ip\ (x), see (j71j) . 

6. In problem (4a), for a spin 1/2 particle at rest and with a = +1/2, the magnetic field 

was found to be 

B z = p i2 = 2c- c + q 

3(2tt) 3 K ' 

Match this field to the magnetic dipole field due to a current confined to a ring of radius R in 
the :q/-plane, by assuming the magnetic field is continuous at the edge of the ring, ^x 2 + y 2 
= R and z = 0, where the field has the value found in problem (4a). This means that, at 
the edge of the ring, the magnetic field B z has the value 

B * A* i 



Ane c 2 R? ' 

where \x is the magnetic moment of the ring and c is the speed of light (c = 1 in the text). 

Assume that c + = c_ and show that, under these heuristic simplifying assumptions, the 

constant K is determined, 

c h 

K 2mc 

where the magnetic moment of a spin 1/2 Dirac particle of mass m and charge e is used, /i = 

eh/2m, with h Planck's constant divided by 2ir. Thus, for this set of assumptions, the scale 

c/K for position dependent spin effects in the translation matrices D^ 12 \l, x) and D( 21 \l, x), 

and ()25|) . is one-half of a Compton wavelength. 



7. (a) Let a = exp (-i(p/2)/ v / 2 and (3 = exp(+i(j)/2)/y/2 in the definition (gSJ of 
■0( 21 ' 12 )(a;, j3), where the parameters are displayed explicitly. Find the matrix Dz(4>) that 
transforms ?/;( 21 / 12 ) (a, (3) to ?/;( 21 / 12 ) (l/\/2, l/\/2) which is proportional to the ?/;( 21 / 12 ) used 
in the text, (b) More generally, for a = sin (9/2) exp (—20/2) and (3 = cos (9/2) exp (+i(f>/2) 
find matrices t x , r y , t z , with t x t v — t v t x = 2ir z plus cyclic permutations, such that Dy(9) = 
exp (—i9r y /2) and Dz(4>) = exp (— i0r z /2), and 

Dy(n/2)Dy(-9)Dz(<p)ijW 12 \a,P) = ^ 12 \l/V2,l/V2) , 



REFERENCES 28 

which is the same as the function used in the text except for a factor of the square root 
of two. (The commutation rules for the matrices r^ are the same as those for Pauli spin 
matrices, so the set of matrices Tfc/2, k e {x, y, z}, are the generators of a representation of 
rotations in 3- dimensional Euclidean space with the Dk matrix representing rotations about 
the fc-axis.) 

References 



[i] 

[2] 

[3] 
[4] 
[5] 

[6] 

[7] 



Weinberg, S., The Quantum Theory of Fields, Vol. I (Cambridge University Press, Cam- 
bridge, 1995), Chapter 5 and references therein. 

Tung, W., Group Theory in Physics (World Scientific Publishing Co. Pte. Ltd., Singa- 
pore, 1985), Chapter 10 and references therein. 

Tung, W., The Physical Review 156, 1385 (1967). 

Weinberg, S., op. tit., Chapter 5.5 and references therein. 

Shurtleff, R., |arXiv:math-ph/04010"02 vl, 4 Jan 2004. 



See, e.g., Messiah, Quantum Mechanics, Vol. II (North- Holland Publishing Co., Amster- 
dam, 1966), Chapter XX, Section 10. 

See, e.g., Kim, Y. S. and Noz, M. E., Theory and Applications of the Poincare Group (D. 
Reidel Publishing Co., Dordrecht, Holland, 1986), Chapter III and references therein. 



Weinberg, S., op. tit., Equation (5.1.6) with translation matrix included. 

[9] Tung, W., op. tit., Equation (10.5-1) with translation transformations included. 

[10] Weinberg, S., op. tit., Equation (5.1.11). 

[11] Tung, W., op. tit., Equations (10.5-16) and (10.5-20). 

[12] See, e.g., Hamermesh, M., Group Theory and its Application to Physical Problems 
(Addison- Wesley Publishing Co., Reading, Massachusetts, 1964), Chapter 3.14. 

[13] Weinberg, S., op. tit., Equation (5.1.12). 



